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. Show that there does not exist a function f : R — R continuous on QQ but discontinuous
on R\Q. (Hints: Write Q = {r,}°°,. Use the continuity of f on Q and the density
of @ to construct a nested sequence of closed bounded intervals I,, such that r, ¢ I,
and that f is continuous on N9, 1,.)

. If f:]0,1] — R is continuous and has only rational (respectively,irrational) values,
must f be a constant?

. Let f:]0,1] — [0,1] be continuous. Show that f has a fixed point. (c € [0, 1] is said
to be fixed point of f is f(c) = c.)

. Let I be a closed bounded interval and let f : I — R be a (not necessarily continuous)
function with the property that for every x € I, the function f is bounded on a
neighborhood Vs(x) of x. Prove that f is bounded on I. Can the closedness condition
be dropped?

. Determine if the following functions are uniformly continuous:

(a) f(x):(0,1) — R defined by f(z) = e

(b) f:[0,00) — R defined by f(x) = /z,

(¢) f:]0, M) — R defined by f(z) = x? where M > 0,
(d) f:]0,00) = R defined by f(x) = z?,

(e) f:R — R defined by f(z) = 2:_1,



